Divergence of multivector fields on infinite-dimensional manifolds by Bogdanskii, Yuri & Shram, Vladyslav
ar
X
iv
:2
00
5.
03
82
7v
1 
 [m
ath
.D
G]
  8
 M
ay
 20
20
DIVERGENCE OF MULTIVECTOR FIELDS ON
INFINITE-DIMENSIONAL MANIFOLDS
YURI BOGDANSKII AND VLADYSLAV SHRAM
Abstract. This article studies divergence of multivector fields on Banach manifolds with
a Radon measure. The proposed definition is consistent with the classical divergence from
finite-dimensional differential geometry. Certain natural properties of divergence are trans-
ferred to the case of infinite dimension.
1. Classical divergence
Let M be an orientable differentiable real n-dimensional manifold of class C2. A choice
of a volume form Ω on M gives rise to a divergence operator, which is defined as follows.
For a vector field X (of class C1), divX is a function on M such that
divX · Ω = d iXΩ,
where iX denotes the interior product of a differential form by a vector field X (Namely,
iXω(Z1, . . . ,Zk−1) = ω(X,Z1, . . . ,Zk−1)).
For a decomposable m-vector field ~X = X1 ∧ · · · ∧Xm and a differential k-form ω, the
interior product i ~Xω = i(
~X)ω of ω by ~X is given by
i ~Xω := iXm . . . iX1ω, if m ≤ k, (1)
and
i ~Xω := 0, if m > k.
Throughout this paper, by an m-vector field of class Cp we mean a linear combination
of decomposable m-vector fields whose components are vector fields of class Cp. That
said, one may notice that some of the definitions and results in the article can also be
transferred to multivector fields understood in a broader sense.
In an obvious way the above definition of i ~X extends to an arbitrary multivector field
~X.
This operation satisfies the following property: for any k-vector field ~X, m-vector field ~Z
and a differential (k +m)-form ω, one has the equality
〈i ~Xω,
~Z〉 = 〈ω, ~X ∧ ~Z〉,
where 〈·, ·〉 denotes the natural pairing between differential forms and multivector fields of
the same degree.
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Then the divergence div ~X of a k-vector field ~X is defined by the following formula (see,
for example, [6] for an equivalent definition in terms of the Hodge operator)
idiv ~XΩ = (−1)
k−1 d i ~XΩ. (2)
Remark 1. In principle, we could define the interior product by a multivector field in a
different way, namely i′X1∧···∧Xm = iX1 ◦ · · · ◦ iXm. In this case, equation (2) from the
definition of divergence becomes i′
div ~X
Ω = d i′~XΩ. However, in this article we always use the
definition of interior product i ~X given by (1).
Existence of div ~X for a multivector field ~X will follow from Proposition 1, and uniqueness
follows from general facts of multilinear algebra (see, for example, [5, chap. III]).
Let M be a manifold of class C3. Given a (k + 1)-vector field ~X of class C2 and a
differential k-form ω of class C20 (that is, ω ∈ C
2(M) and is compactly supported) on M,
Stokes’ theorem implies
∫
M
d(ω ∧ i ~XΩ) = 0, which can be written as∫
M
dω ∧ i ~XΩ = (−1)
k+1
∫
M
ω ∧ d i ~XΩ. (3)
Lemma 1. Let ω and ~X be a differential k-form and a k-vector field on M, respectively.
Then the following equality holds
ω ∧ i ~XΩ = 〈ω,
~X〉Ω. (4)
Proof. Without loss of generality we may assume that ~X is decomposable: ~X =X1 ∧ · · · ∧
Xk.
We have
ω ∧ i ~XΩ = ω ∧ (iXk . . . iX1Ω) = (−1)
k−1(iXkω) ∧ (iXk−1 . . . iX1Ω) = . . .
= (−1)
(k−1)k
2 (iX1 . . . iXkω) ∧ Ω = (iXk . . . iX1ω) ∧ Ω = 〈ω, ~X〉Ω.

Let µ be a measure on M induced by the volume form Ω (for f ∈ C1(M), one has∫
M
f dµ =
∫
M
fΩ). Given a differential k-form ω and (k+1)-vector field ~X, using (3) and (4),
we get∫
M
〈dω, ~X〉 dµ =
∫
M
dω∧i ~XΩ = (−1)
k+1
∫
M
ω∧d i ~XΩ = −
∫
M
ω∧idiv ~XΩ = −
∫
M
〈ω, div ~X〉 dµ.
Thus, (3) is equivalent to ∫
M
〈dω, ~X〉 dµ = −
∫
M
〈ω, div ~X〉 dµ. (5)
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Using the measure µ, one can now see the divergence of a (k+1)-vector field ~X onM as
a k-vector field which satisfies (5) for any differential k-form of class C10 . For a manifold of
class C3, formula (5) leads to a definition of div ~X which is equivalent to the original one.
Proposition 1. Let X and ~Z be a vector field and a k-vector field of class C1 on M,
respectively. Then one has the following formula
div(X ∧ ~Z) = divX · ~Z −X ∧ div ~Z + LX ~Z. (6)
where LX denotes Lie derivation along a field X.
Proof. It suffices to prove formula (6) only for a decomposable multivector field ~Z = Z1 ∧
· · · ∧Zk.
We have
(−1)k d iX∧~ZΩ = d i~Z∧XΩ = d iX(i~ZΩ) = −iX d(i~ZΩ) + LX(i~ZΩ).
For the first term on the right-hand side we have
−iX d(i~ZΩ) = −(−1)
k−1iXidiv ~ZΩ = −(−1)
k−1idiv ~Z∧XΩ = −iX∧div ~ZΩ.
For the second term
LX(i~ZΩ) = LX(iZk . . . iZ1Ω) = iZkLX(iZk−1 . . . iZ1Ω) + iLXZk(iZk−1 . . . iZ1Ω) = . . .
= iZk . . . iZ1LXΩ +
k∑
r=1
iZk . . . iLXZr . . . iZ1Ω = i~Z d iXΩ+
k∑
r=1
iZ1∧···∧LXZr∧···∧ZkΩ
= i~Z divX · Ω + iLX ~ZΩ = idivX·~ZΩ+ iLX ~ZΩ = idivX·~Z+LX ~ZΩ.
Putting the two terms together we obtain the equality (6). 
Corollary 1. Divergence of a k-vector field (of class Cp) exists and is a (k− 1)-vector field
(of class Cp−1).
Proof. The statement immediately follows from formula (6). 
Given a differential k-form ω and a decomposable m-vector field ~X = X1 ∧ · · · ∧Xm,
one defines the interior product jω ~X = j(ω) ~X of ~X by ω as follows
jω ~X :=
1
k!(m− k)!
∑
σ∈Sm
sign(σ)ω(Xσ(1), . . . ,Xσ(k))Xσ(k+1) ∧ · · · ∧Xσ(m), if k ≤ m,
and
jω ~X := 0, if k > m.
In an obvious way this definition extends to an arbitrary multivector field ~X. For a similar
definition, see, for example, [11].
Interior product of a multivector field by a differential form satisfies the following property:
for any differential k-form ω, differential m-form η and (k +m)-vector field ~X, one has
〈η, jω ~X〉 = 〈ω ∧ η, ~X〉.
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One can prove the following generalisation of Lemma 1 (see [6]): for any differential k-form
ω and an m-vector field ~X, the following relation holds
ij(ω) ~XΩ = (−1)
k(m+1)ω ∧ i ~XΩ. (7)
Proposition 2. Let ω and ~X be a differential k-form and an m-vector field (k < m),
respectively. Then the following Leibniz rule holds
div(j(ω) ~X) = (−1)kj(dω) ~X + (−1)kj(ω) div ~X.
Proof. Using (7), we have
(−1)m−k−1 d ij(ω) ~XΩ = (−1)
m−k−1+k(m+1) dω ∧ i ~XΩ + (−1)
m−k−1+k(m+1)+kω ∧ d i ~XΩ
= (−1)km+m−1 dω ∧ i ~XΩ+ (−1)
km+kω ∧ d idiv ~XΩ
= (−1)km+m−1+(k+1)(m+1)ij(dω) ~XΩ+ (−1)
km+k+kmij(ω) div ~XΩ
= (−1)kij(dω) ~XΩ+ (−1)
kij(ω) div ~XΩ.

2. Associated measures on Banach manifolds (see [1, 3])
LetM be a connected Hausdorff real Banach manifold of class C2 with a model space E.
By a differential k-form onM of class Cn we mean a Cn-section of the bundle Lkalt(TM)→
M, where Lkalt(TM) is obtained by bundling together the spaces L
k
alt(TpM) of all bounded
alternating k-linear forms on TpM, so that the space Lkalt(TpM) is the fibre at p ∈ M of
this bundle.
We say that an atlas Ω = {(Uα, ϕα)} onM is bounded if there exists a real number K > 0
such that for any pair of charts (Uα, ϕα) and (Uβ, ϕβ), the transition map Fβα = ϕβ ◦ ϕ−1α
satisfies the condition
(x ∈ ϕα(Uα ∩ Uβ)) =⇒ (‖F
′
βα(x)‖ ≤ K, ‖F
′′
βα(x)‖ ≤ K).
We then say that two bounded atlases Ω1 and Ω2 are equivalent if Ω1 ∪ Ω2 is again a
bounded atlas. A bounded structure (of class C2) onM is defined as an equivalence class of
bounded atlases on M.
Let (M1,Ω1) and (M2,Ω2) be Banach manifolds M1 and M2 of class C
2 modeled on
E1 and E2 together with bounded atlases Ω1 and Ω2, respectively. We say that a map
f : M1 →M2 is a bounded morphism if there exists a real number C > 0 such that for any
pair of charts (U, ϕ) ∈ Ω1 and (V, ψ) ∈ Ω2, the following condition is satisfied
(p ∈ U, f(p) ∈ V ) =⇒
(
‖(ψ ◦ f ◦ ϕ−1)(k)(ϕ(p))‖ ≤ C, k = 1, 2
)
.
In a natural way one then defines a bounded isomorphism between (M1,Ω1) and (M2,Ω2).
The property of being a bounded morphism does not depend on the choice of representa-
tives of the corresponding equivalence classes of bounded atlases on M1 and M2.
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A choice of a bounded atlas on M leads to a well-defined notion of the length L(Γ) of a
piecewise-smooth curve Γ in M. The corresponding intrinsic metric ρ is consistent with the
original topology. A bounded morphism f : (M1,Ω1) → (M2,Ω2) is Lipschitz with respect
to the corresponding intrinsic metrics.
A choice of a bounded atlas also allows to introduce a norm |||·|||p on the tangent space
TpM to the manifold M, defined by |||ξ|||p := supα ‖ξϕα‖, where {(Uα, ϕα)} is the set of
charts of the original atlas, for which p ∈ Uα, and ξϕ ∈ E is the representation of a tangent
vector ξ in a chart ϕ. Furthermore, one has the property of uniform topological isomorphism
of the spaces TpM and the model space E, namely ‖ξϕ‖ ≤ |||ξ|||p ≤ K‖ξϕ‖, where K is the
constant from the definition of a bounded atlas and ϕ is a chart at the point p ∈M.
On a manifold with a bounded atlas (M,Ω) one has a well-defined notion of a bounded
tensor field T of class C1. One assumes that there exists a real number C > 0 such that
for any chart (U, ϕ), the local representation Tϕ of a tensor T satisfies ‖Tϕ(ϕ(x))‖ ≤ C
and ‖T ′ϕ(ϕ(x))‖ ≤ C for all x ∈ ϕ(U). Boundedness of a tensor field does not depend on
the choice of a bounded atlas from the corresponding equivalence class. We say that such
tensor fields are of class C1b (M). In a natural way we define smooth functions of class C
p
b
(p = 0, 1, 2); Cb = C
0
b . We will use this same notation also in the case when the domain of a
field or a function is a connected open subset V inM, in E or in the surface inM. A tensor
field of class C1b (V ) is said to be of class C
1
0 (V ) if its support is bounded and contained in
V together with its ε-neighbourhood for some ε > 0.
We say that a bounded atlas Ω is uniform if there exists a real number r > 0 such that
for any p ∈M, there exists a chart (U, ϕ) ∈ Ω such that ϕ(U) contains a ball of radius r in
E centred at ϕ(p). [10, 7, 1]
An intrinsic metric on M, induced by a uniform atlas, makes M into a complete metric
space. Furthermore, if a bounded atlas is equivalent to a uniform one, then the metric
induced by this atlas is also complete. If an equivalence class of atlases, which defines a
bounded structure on M, contains a uniform atlas, we call such a structure uniform. If
manifolds M1 and M2 are boundedly isomorphic, then their structures are either both
uniform or non-uniform.
The flow Φ(t, x) of a vector field X of class C1b on a manifoldM with a uniform structure
is defined on R×M. [10, p. 92]
If V is an open subset of Rm, then, given a manifold with a bounded atlas (M,Ω), we
agree to define a bounded structure on M× V (with a model space E ⊕ Rm) by the atlas
Ω× id = {(U × V, ϕ× id) : (U, ϕ) ∈ Ω}.
An elementary surface S ⊂ M of codimension m is defined as follows. Let N be a
manifold with a bounded structure modeled on a subspace E1 of E of codimension m (from
now on we identify E with E1 ⊕ Rm). Let V be an open neighbourhood of ~0 ∈ Rm and
g : N × V → U ⊂ M be a bounded (straightening) isomorphism onto an open subset U in
M. Then, by definition, an elementary surface is S = g(N × {~0}).
For ε > 0, we define
S−ε := S ∩ {x : ρ(x,M\U) ≥ ε}.
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Then S =
∞⋃
n=1
S− 1
n
.
We say that a differential m-form ω of class C1b defined on U is an associated m-form of
the embedding S ⊂ M if for any x ∈ S, the tangent space TxS is an associated subspace
of the exterior form ω(x) in TxM (i.e. TxS = {Y ∈ TxM : iY ω(x) = 0}, where iY is the
interior product of an exterior form by a vector Y ).
If g : N × V → U is a straightening isomorphism of an elementary surface S, P is a
projection of N × V onto V and h is a continuously differentiable function on V such that
h(~0) 6= 0, then ω = (g−1)∗P ∗(h dt1 ∧ · · · ∧ dtm) is an example of an associated m-form of the
embedding S ⊂M. Note that the constructed m-form ω is closed.
Let us now consider a Borel measure µ on M. The associated measure σ = σ~Y is
constructed as follows.
We first consider a strictly transversal to S system ~Y = {Y1, . . . ,Ym} of pairwise com-
muting vector fields of class C1b defined on U . Strict transversality of ~Y is understood in
the following sense: for each ε > 0, there exists δ > 0 such that for any x ∈ S−ε, one has
|ω(~Y )(x)| = |ω(Y1, . . . ,Ym)(x)| ≥ δ. Existence of such a system of fields was proved in [3].
Let ΦYkt denote the flow of Yk. We then define Φ
~Y
~t
:= ΦY1t1 . . .Φ
Ym
tm . One has the property
Φ
~Y
~t+~s
= Φ
~Y
~t
Φ
~Y
~s .
For Borel sets W ∈ B(Rm) and A ∈ B(M), the set ΦWA = Φ
~Y
WA := {Φ
~Y
~t
(x) : ~t ∈
W, x ∈ A} is Borel in M. Furthermore, for each ε > 0, there exists p > 0 such that
(A ∈ B(S−ε), W ∈ B(Bp)) =⇒ (Φ
~Y
WA ∈ B(U)), where Bp = {~t : ‖~t‖ < p} ⊂ R
m. For any
set B ∈ B(Bp), we define a measure νB on B(S−ε) by νB(A) := µ(Φ
~Y
BA).
Let λm denote the Lebesgue measure on R
m. If for any A ∈ B(S−ε) the following limit
exists
σ(A) = σ~Y (A) = limr→0
νBr(A)
λm(Br)
, (8)
then Nikody´m’s theorem implies that the map B(S−ε) ∋ A 7→ σ~Y (A) ∈ R is a Borel measure
on S−ε. Writing A ∈ B(S) in the form A =
∞⋃
n=1
(A ∩ S− 1
n
) allows to extend the measure σ~Y
to B(S).
Sufficient conditions for existence of the limit (8) were established in [3]; the authors
suggested to call σ~Y the surface measure on S of the first kind induced by the system of
vector fields ~Y .
Throughout the remainder of this paper we always assume that the surface measure exists.
Given ε > 0 and r > 0, let σr denote the measure on B(S−ε) defined by σr(A) :=
1
λm(Br)
µ(ΦBrA). Then, (8) implies that σr(A)→ σ(A) as r → 0 for any Borel set A ⊂ S−ε.
The following two lemmas were proved in [2].
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Lemma 2. Suppose that µ is a Radon measure on M. Then for any ε > 0, one has that σr
and σ are Radon measures on S−ε.
Lemma 3. Suppose that µ is a (non-negative) Radon measure onM and u ∈ Cb(M). Then
for any ε > 0 and A ∈ B(S−ε), the following equality holds
lim
r→0
1
λm(Br)
∫
ΦBrA
u dµ =
∫
A
u dσ.
3. Multivector fields and divergence operator
Let M be a Banach manifold with a bounded structure and µ be a (non-negative) Borel
measure on M. We say that a k-vector field ~Z on M is µ-measurable if there exists a
sequence of continuous k-vector fields ~Zn such that lim
n→∞
∣∣∣∣∣∣∣∣∣~Zn(p)− ~Z(p)∣∣∣∣∣∣∣∣∣
p
= 0 (modµ)
(here |||·|||p is the norm in
∧k(TpM), see Section 2).
For a measurable multivector field ~Z, the function x 7→
∣∣∣∣∣∣∣∣∣~Z(x)∣∣∣∣∣∣∣∣∣
x
is µ-measurable on
M. In the case when this function is integrable on M with respect to µ we say that ~Z is
integrable: ~Z ∈ L1(µ) (see [4]). In a similar way one defines multivector fields of class Lp(µ)
(1 < p ≤ ∞).
It is easy to check that if vector fields Z2, . . . ,Zk are measurable and bounded on M,
and Z1 is a vector field of class Lp(µ), then ~Z = Z1 ∧ · · · ∧Zk ∈ Lp(µ). One can also prove
that (~Z ∈ Lp(µ), ω is a differential k-form of class Cb(M)) =⇒ (ω(~Z) ∈ Lp(µ)).
Linear combinations of decomposable k-vector fields of class Lp(µ) form a vector space,
which we will denote by Lp
∧k(µ).
Definition 1. Let ~Z = Z1∧· · ·∧Zk be a k-vector field of class C1b (M) (that is, Zi ∈ C
1
b (M)
for i = 1, . . . , k). We call a (k − 1)-vector field ~W a divergence of ~Z ( ~W = div ~Z; ~Z ∈
D(div)) if for any differential (k − 1)-form ω ∈ C10 (M) the following equality holds∫
M
〈ω, ~W 〉 dµ = −
∫
M
〈dω, ~Z〉 dµ. (9)
In an obvious way Definition 1 extends to linear combinations of decomposable multivector
fields.
Theorem 1. Suppose that there exists a function of class C10 on E with a non-empty bounded
support (it suffices to assume that E is reflexive, see [9]) and µ is a Radon measure. Then
for any k-vector field ~Z of class C1b , there exists no more that one element
~W ∈ L1
∧k−1(µ)
which satisfies Definition 1.
Proof. It suffices to show that if ~W 6= ~0 (modµ) then there exists a (k−1)-form ω ∈ C10(M)
such that
∫
M
〈ω, ~W 〉 dµ 6= 0.
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Step 1. Since µ is Radon, there exists a compact set L ⊂ M with µ(L) > 0 such that
~W (x) 6= 0 for each x ∈ L and hence, there is a chart ϕ : V → ϕ(V ) ⊂ E for which
µ
(
{x ∈ V : ~W (x) 6= 0}
)
> 0. (10)
The homeomorphism ϕ induces a Radon measure µϕ on ϕ(V ) and a tensor field ~Wϕ. One
has ~Wϕ ∈ L1
∧k(µϕ).
Step 2. Let α be an exterior (k−1)-form on E. Then f := 〈α, ~Wϕ〉 ∈ L1(µϕ). Assuming
that
∫
ϕ(V )
uf dµϕ = 0 for any function u ∈ C
1
0 (ϕ(V )), we will show that f = 0 (modµϕ).
If u ∈ C10(E) such that U = {x : u(x) > 0} 6= ∅ then for any function h ∈ C
1(R), such
that h(0) = 0, number k ∈ R and vector b ∈ E the function v(x) = h ◦ u(kx + b) also lies
in C10(E). Therefore, there exists a family of functions uα ∈ C
1
0(E) with values in [0, 1] such
that the sets Uα = {x : uα(x) > 0} form a base of the topology of E.
By applying Lebesgue’s dominated convergence theorem, we conclude that
∫
Uα
f dµϕ = 0
for any Uα. Since the family {Uα} is closed under finite unions, for any compact setK ⊂ ϕ(V )
and ε > 0, there exists Uα such that K ⊂ Uα ⊂ Kε (here and henceforth Aε denotes the
ε-neighbourhood of a set A), which implies
∫
K
f dµϕ = 0. Since µϕ is Radon,
∫
A
f dµϕ = 0
for any A ∈ B(ϕ(V )), that is, f = 0 (modµϕ).
Step 3. By applying generalised Lusin’s theorem (see [8]) to ~Wϕ and using (10), we
get that there exists a compact set K ⊂ ϕ(V ) such that ~Wϕ
∣∣
K
is continuous on K and
µϕ
(
{x ∈ K : ~Wϕ(x) 6= 0}
)
> 0.
The set ~Wϕ(K) lies in a separable subspace F of the space
∧k−1
E, and therefore
there exists a countable family {βn}n∈N of exterior (k − 1)-forms on E that separates the
points of F. But Step 2 implies that 〈βn, ~Wϕ〉 = 0 (modµϕ) for all n ∈ N and hence,
µϕ
(
{x ∈ K : ~Wϕ(x) 6= 0}
)
= 0, which is a contradiction. 
Proposition 3. Suppose that a vector field X and k-vector field ~Z lie in C1b (M) ∩D(div).
Then X ∧ ~Z ∈ C1b (M) ∩D(div) and the following equality holds
div(X ∧ ~Z) = divX · ~Z −X ∧ div ~Z + LX ~Z. (11)
Proof. Let ω be a differential k-form of class C10 on M. One has the equality
〈dω,X ∧ ~Z〉 = 〈iX dω, ~Z〉 =X〈ω, ~Z〉 − 〈d iXω, ~Z〉 − 〈ω,LX ~Z〉. (12)
Now, by combining (9) and (12), we get∫
M
〈dω,X ∧ ~Z〉 dµ = −
∫
M
〈ω,− divX · ~Z +X ∧ div ~Z −LX ~Z〉 dµ,
which proves the proposition. 
Corollary 2. If ~Z = Z1∧· · ·∧Zk and all Zi ∈ C1b (M)∩D(div), then ~Z ∈ C
1
b (M)∩D(div).
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Proposition 4. Suppose that an m-vector field ~Z lies in C1b (M) ∩ D(div) and let ω be a
differential k-form (k < m) of class C1b (M). Then, j(ω)~Z also lies in C
1
b (M)∩D(div) and
the following Leibniz rule holds
div(j(ω)~Z) = (−1)kj(dω)~Z + (−1)kj(ω) div ~Z.
Proof. For any differential (m− k − 1)-form η of class C10 (M), we have∫
M
(〈
d η, j(ω)~Z
〉
+
〈
η, (−1)kj(dω)~Z + (−1)kj(ω) div ~Z
〉)
dµ
=
∫
M
(
〈ω ∧ d η, ~Z〉+ (−1)k〈dω ∧ η, ~Z〉+ (−1)k〈ω ∧ η, div ~Z〉
)
dµ
=
∫
M
(
(−1)k〈d(ω ∧ η), ~Z〉+ (−1)k〈ω ∧ η, div ~Z〉
)
dµ = 0.

4. Divergence on submanifolds
If M is a finite-dimensional (oriented) manifold endowed with a volume form Ω, and U
is its open submanifold, then it is natural to take Ω
∣∣
U
to be the volume form on U . In this
case one has the equality
divU(~Z
∣∣
U
) = (div ~Z)
∣∣
U
, (13)
where divU is the divergence on U , induced by the volume form Ω
∣∣
U
.
In the case when U is an open submanifold of a Banach manifold M, the definition of
divergence divU of a multivector field is obtained from Definition 1 by replacing (9) with∫
U
〈ω, ~W 〉 dµ = −
∫
U
〈dω, ~Z〉 dµ,
which now has to hold for any differential form of class C10(U). In this case formula (13) also
holds.
Let now M be an orientable manifold of finite dimension n; S ⊂ M an orientable em-
bedded submanifold of dimension m = n− p, which is an elementary surface in the sense of
Section 2; α an associated differential p-form of the embedding S ⊂ M; ~Y = {Y1, . . . ,Yp}
a commuting strictly transversal to S system of vector fields of class C1b (U), where U is from
the definition of an elementary surface.
For any ε > 0, there exists γ = γ(ε) > 0 such that for each (~t, x) ∈ Bγ × S−ε, one has
Φ~tx ∈ U and 〈α, ~Y 〉(Φ~tx) 6= 0 (here Bγ = {~t ∈ R
p : ‖~t‖ < γ}).
Without loss of generality we may assume 〈α, ~Y 〉(Φ~tx) > 0. One has that the map
q : ΦBγS−ε ∋ Φ~tx 7→ x ∈ S−ε is continuously differentiable.
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Let ΩS be a volume form on S; X a vector field on S; X˜ the vector field on ΦBγS−ε which
is q-connected with X (q∗(X˜(Φ~tx)) =X(x)); Ω˜ = q
∗Ω a differential p-form on ΦBγS−ε.
Suppose that ~X = X1 ∧ · · · ∧Xm is a nowhere-vanishing multivector field on S−ε and
let β = Ω˜ ∧ α. Then for x ∈ S−ε,
〈β, ~˜X ∧ ~Y 〉(x) = Ω˜( ~˜X)(x) · α(~Y )(x) = (Ω( ~X) · α(~Y ))(x) > 0.
(here we used (iXjα)(x) = 0). Choosing a smaller γ > 0 if needed, we conclude that β is a
volume form on ΦBγS−ε ⊂M.
Proposition 5. Let Z be a vector field of class C1b on S and let divS Z be the divergence of
Z with respect to the volume form Ω on S. Given ε > 0, let Z˜ be the vector field on ΦBγS−ε
which is q-connected with Z and let div Z˜ be the divergence of Z˜ with respect to the volume
form β. Suppose that α is closed. Then
divS Z = (div Z˜)
∣∣
S
. (14)
Proof. Take x ∈ S−ε. The statement follows from the following equalities
(div Z˜ · β)(x) = (d i
Z˜
(Ω˜ ∧ α))(x) = (d iZΩ)(x) ∧ α(x) = (divS Z · β)(x).

Corollary 3. In the assumptions of Proposition 5, suppose that ~Z is a multivector field of
class C1b on S; ~˜Z is the q-connected with ~Z multivector field on V = ΦBγS−ε; divS and div
are the divergence operators on (S,Ω) and (V, β), respectively. Then
divS ~Z = (div ~˜Z)
∣∣
S
. (15)
Proof. Formula (15) follows by induction from formula (14); recurrent formula (6), applied
to divS(X ∧ ~Z) and div(X˜ ∧ ~˜Z); equalities
˜
X ∧ ~Z = X˜ ∧ ~˜Z and ˜LX ~Z = LX˜
~˜Z. 
Throughout the remainder of this article, M is a Banach manifold with a uniform atlas,
modeled on a space E, where E satisfies the assumptions of Theorem 1. Suppose that S is
an elementary surface in M of codimension m; µ is a (non-negative) Radon measure on M
and the corresponding measure σ = σ~Y on the surface S−ε ⊂ S is constructed as described
in Section 2.
It follows from general theory of differential equations in Banach spaces that there exists
γ = γ(ε) > 0 for which one has a well-defined map q : ΦBγS−ε ∋ Φ~tx 7→ x ∈ S−ε of class
C1b . Let Z be a vector field of class C
1
b on S. Then the q-connected with Z vector field Z˜
is defined on V = ΦBγS−ε and is also of class C
1
b .
Theorem 2. Suppose that Z˜ has a divergence div Z˜ ∈ L∞(V, µ). Then Z has a divergence
divS Z ∈ L∞(S, σ) and for any bounded Borel function u : S−ε → R, the following equality
holds ∫
S−ε
u divS Z dσ = lim
r→0
1
λm(Br)
∫
ΦBrS−ε
û div Z˜ dµ (16)
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(here and henceforth û(Φ~tx) = u(x) for (~t, x) ∈ Bγ × S−ε).
Proof. Step 1. Let u ∈ C10 (S). Then u ∈ C
1
0(S−ε) for some ε > 0. We shall prove that for
any r ∈ (0, γ), the following holds∫
ΦBrS−ε
û div Z˜ dµ = −
∫
ΦBrS−ε
Z˜û dµ. (17)
The function û is not of class C10(V). We will use the fact that Z˜ is tangent to each
surface Φ~tS−ε for fixed ~t ∈ Bγ.
Let us define a sequence of functions ϕn ∈ C[0, r] for n > 3 as follows
ϕn(s) =


0 if s ∈
[
0, n−3
n
r
]
∪
[
n−1
n
r, r
]
,
−n
2
r2
s+ n(n−3)
r
if s ∈
[
n−3
n
r, n−2
n
r
]
,
n2
r2
s− n(n−1)
r
if s ∈
[
n−2
n
r, n−1
n
r
]
.
Then for the sequence of functions hn(s) = 1 +
s∫
0
ϕn(s) ds, one has that the functions
un(Φ~tx) = hn(‖~t‖) · u(x) coincide with û(Φ~tx) for ‖~t‖ ≤
n−3
n
r, and un ∈ C10(ΦBrSε).
Hence, we have ∫
ΦBrS−ε
un div Z˜ dµ = −
∫
ΦBrS−ε
Z˜un dµ (18)
and
(Z˜un)(Φ~tx) = hn(‖~t‖) · (Z˜û)(Φ~tx) for x ∈ S−ε.
Passing in (18) to the limit as n→∞ we obtain (17).
Since the function Z˜û ∈ Cb(ΦBγS−ε), Lemma 3 implies existence of the limit
lim
r→0
1
λm(Br)
∫
ΦBrS−ε
Z˜û dµ =
∫
S−ε
Zu dσ.
Therefore, using (17), we obtain the following equality
lim
r→0
1
λm(Br)
∫
ΦBrS−ε
û div Z˜ dµ = −
∫
S−ε
Zu dσ, (19)
that holds for any function u ∈ C10 (S−ε).
Step 2. The model space E1 of the manifold S has a finite codimension in E and therefore
also admits a function of class C1(E1) with a bounded non-empty support. The argument
used in the proof of Theorem 1 also proves that the sets Uα = {x : uα(x) > 0}, where
{uα} = C10(S−ε), constitute a base of the topology of S−ε.
Let u ∈ {uα}; U = {x : u(x) > 0} is one of the sets of this base. Taking a sequence of
smooth functions hn ∈ C1(R) that approximate the Heaviside step function χ, we construct
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a sequence of functions vn = hn ◦ u for which {x : vn(x) > 0} = U ; vn ր jU = χ ◦ u (where
jA denotes the indicator function of a set A) and Vn = {x : vn(x) = 1} ր U .
Nikody´m’s theorem implies the uniform in r ∈ (0, γ) convergence
σr(U \ Vn) =
1
λm(Br)
µ(ΦBr(U \ Vn))→ 0, n→∞.
Since div Z˜ ∈ L∞(µ), one also has a uniform in r ∈ (0, γ) convergence
1
λm(Br)
∫
ΦBrS−ε
∣∣∣(v̂n − ĵU) div Z˜∣∣∣ dµ→ 0, n→∞.
This uniform convergence and the convergence (19), together with the inequality
∣∣∣∣∣∣∣
1
λm(Br)
∫
ΦBrU
div Z˜ dµ−
1
λm(Bs)
∫
ΦBsU
div Z˜ dµ
∣∣∣∣∣∣∣
≤
1
λm(Br)
∫
ΦBrS−ε
∣∣∣(v̂n − ĵU ) div Z˜∣∣∣ dµ
+
1
λm(Bs)
∫
ΦBsS−ε
∣∣∣(v̂n − ĵU) div Z˜∣∣∣ dµ
+
∣∣∣∣∣∣∣
1
λm(Br)
∫
ΦBrS−ε
v̂n · div Z˜ dµ−
1
λm(Bs)
∫
ΦBsS−ε
v̂n · div Z˜ dµ
∣∣∣∣∣∣∣
allow us to conclude that the following limit exists
lim
r→0
1
λm(Br)
∫
ΦBrU
div Z˜ dµ. (20)
Step 3. Let K be a compact subset of S−ε. Then there is a sequence of sets Un ∈ {Uα}
such that Un ց K.
Again, using Nikody´m’s theorem and the fact that div Z˜ ∈ L∞(µ), we obtain a uniform
in r ∈ (0, γ) convergence
lim
n→∞
1
λm(Br)
∫
ΦBr (Un\K)
∣∣∣div Z˜∣∣∣ dµ = 0.
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From this uniform convergence and the convergence (20), together with the next inequality
(here r, s ∈ (0, γ))∣∣∣∣∣∣∣
1
λm(Br)
∫
ΦBrK
div Z˜ dµ−
1
λm(Bs)
∫
ΦBsK
div Z˜ dµ
∣∣∣∣∣∣∣
≤
1
λm(Br)
∫
ΦBr (Un\K)
∣∣∣div Z˜∣∣∣ dµ+ 1
λm(Bs)
∫
ΦBs (Un\K)
∣∣∣div Z˜∣∣∣ dµ
+
∣∣∣∣∣∣∣
1
λm(Br)
∫
ΦBrUn
div Z˜ dµ−
1
λm(Bs)
∫
ΦBsUn
div Z˜ dµ
∣∣∣∣∣∣∣
we conclude that the following limit exists
lim
r→0
1
λm(Br)
∫
ΦBrK
div Z˜ dµ. (21)
Step 4. Let A be an arbitrary Borel subset of S−ε. Let Kn be a non-decreasing sequence
of compact sets satisfying σ(A\Kn) <
1
n
. Then for C =
∞⋂
n=1
(A\Kn), one has σ(C) = 0, and
therefore
lim
r→0
1
λm(Br)
∫
ΦBrC
∣∣∣div Z˜∣∣∣ dµ = 0. (22)
Analogously to Step 3, we first obtain a uniform in r ∈ (0, γ) convergence
lim
n→∞
1
λm(Br)
∫
ΦBr ((A\C)\Kn)
∣∣∣div Z˜∣∣∣ dµ = 0,
and then use (22) and the existence of the limit (21) in order to conclude that the following
limit exists
lim
r→0
1
λm(Br)
∫
ΦBrA
div Z˜ dµ. (23)
Let now τr denote the measure on B(S−ε) defined by
τr(A) :=
1
λm(Br)
∫
ΦBrA
div Z˜ dµ.
Existence of the limit (23) means that for each Borel set A ∈ B(S−ε), there exists a limit
lim
r→0
τr(A) =: τ(A). Since div Z˜ ∈ L∞(µ), the measure τ is absolutely continuous with respect
to σ and, additionally, gε =
dτ
dσ
∈ L∞(S−ε, σ) and
‖gε‖L∞(σ) ≤ ‖ div Z˜‖L∞(µ). (24)
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For any bounded Borel function u on S−ε, one has
lim
r→0
1
λm(Br)
∫
ΦBrS−ε
û div Z˜ dµ = lim
r→0
∫
S−ε
u dτr =
∫
S−ε
u · gε dσ. (25)
Since (25) holds for any bounded Borel function on S−ε, it follows that gε1 = gε2
∣∣
S−ε1
for
ε2 ∈ (0, ε1) and hence, there exists a Borel function g defined on the whole of S, such that
gε = g
∣∣
S−ε
for any ε > 0; moreover, by (24), g ∈ L∞(S, σ).
In particular, by (19), for any function u ∈ C10 (S), one has
−
∫
S
Zu dσ =
∫
S
u · g dσ.
Therefore, there exists divS Z = g on S; divS Z ∈ L∞(σ), and for any bounded Borel
function u defined on S−ε for some ε > 0, equality (16) holds. This completes the proof of
the theorem. 
Remark 2. Analogously to Lemma 3, one can prove that∫
S−ε
u divS Z dσ = lim
r→0
1
λm(Br)
∫
ΦBrS−ε
u div Z˜ dµ
for any function u ∈ Cb(M).
For a differential k-form α of class C1b on S, we define α̂ := q
∗α. For each ε > 0, the form
α̂ is defined on ΦBγ(ε)S−ε.
Corollary 4. In the assumptions of Theorem 2, let ~Z = Z1 ∧ · · · ∧Zk+1 be a decomposable
multivector field of class C1b on S. Given ε > 0, let ~˜Z = Z˜1 ∧ · · · ∧ Z˜k+1 be the q-connected
to ~Z multivector field on ΦBγS−ε, and suppose that for each i ∈ {1, . . . , k + 1}, there exists
div Z˜i ∈ L∞(µ). Then ~Z ∈ D(divS) and divS Zi ∈ L∞(σ) for each i ∈ {1, . . . , k + 1}.
Moreover, for any ε > 0 and a differential k-form α of class C10 (S), the following equality
holds ∫
S−ε
〈α, divS ~Z〉 dσ = lim
r→0
1
λm(Br)
∫
ΦBrS−ε
〈α̂, div ~˜Z〉 dµ.
Proof. Induction on k. Theorem 2 constitutes the basis of the induction. The induction step
is based on formula (11).
Let ~Z = X ∧ ~Y , where ~Y is a k-vector field. Then ~˜Z = X˜ ∧ ~˜Y and 〈α̂, div ~˜Z〉 =
div X˜ · 〈α̂, ~˜Y 〉 − 〈i
X˜
α̂, div ~˜Y 〉+ 〈α̂,L
X˜
~˜Y 〉.
Since 〈α̂, ~˜Y 〉 = ̂〈α, ~Y 〉, Theorem 2 implies that∫
S−ε
divSX · 〈α, ~Y 〉 dσ = lim
r→0
1
λm(Br)
∫
ΦBrS−ε
div X˜ · 〈α̂, ~˜Y 〉 dµ.
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Since one has i
X˜
α̂ = îXα, the equality∫
S−ε
〈iXα, divS ~Y 〉 dσ = lim
r→0
1
λm(Br)
∫
ΦBrS−ε
〈i
X˜
α̂, div ~˜Y 〉 dµ
follows from the induction hypothesis.
We have 〈α̂,L
X˜
~˜Y 〉 = û, where u = 〈α,LX ~Y 〉 is a function of class Cb(S−ε), and therefore
the equality ∫
S−ε
〈α,LX ~Y 〉 dσ = lim
r→0
1
λm(Br)
∫
ΦBrS−ε
〈α̂,L
X˜
~˜Y 〉 dµ
is a direct consequence of Lemma 3.
Applying now formula (11) to divS(X ∧ ~Y ) we obtain the statement of the corollary. 
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